The remainder of the paper is devoted to various easy applications of the result. In Theorem 5 we assume that π^M) is finitely generated for all i > 1. Then we show that if π x (M) has torsion, π*(M) cannot be only torsion.
In Theorem 6, we have a connected Lie group L acting on M and / is an L-map. We show that the orbit map ω:L-^M induces the trivial homomorphism on fundamental groups if Λ f Φ 0. This implies that the action of L on M can be lifted to any regular covering space.
We show that any linear transformation T: R n -> R n which commutes with the based free action of a finite group G of order greater than 2 must have a non-negative determinant (Theorem 8).
Then we come to the Borsuk-Ulam type results. We consider maps /: (C n+1 -0) -> C n . A primitive k-voot of unity ξ gives rise to a free ^-action on C\ We show that the equation S*"J !'/(£*&) = 0 always has a solution x e C w+1 -0. This result gives various conditions on the degeneracy of the images of the orbit of the Z k action in C n . In particular, we show that if /: S n -> R r and if n^r (p-l) , then some orbit of the Z^-action must be mapped into a point. The proof uses the equation above and Vandermonde determinants. 2* Free actions and the Lefschetz number* A manifold M (or space) is dominated by a finite complex K if there exists maps f:M->K and g:K->M such that g f is homotopic to the identity of M. We will need various facts about finitely dominated spaces in order to prove the result that o(G) divides Λ f for noncompact M. It is easily shown that this is true for compact M. We use the theory of C.T.C. Wall, [8] , to extend to the noncompact case. LEMMA Since G acts freely on M, we know that M G is a homotopy equivalent to M/G. Since G is finite and acts freely on M, we see that M-+M/G is a covering, so M/G is a manifold, and hence it is finite dimensional.
We know from Wall's work [8] that a space is finitely dominated if and only if it is homotopy equivalent to a finite dimensional CWcomplex and also homotopy equivalent to a possibly different CWcomplex of finite type (i.e., a complex whose ^-skeletons are finite complexes for all n). Thus M is homotopy equivalent to a complex of finite type. Since M G is the total space of a fibration whose base and fibre are of finite type, M G is homotopy equivalent to a complex of finite type [4; Lemma 1.1] . Also, by the first paragraph, M G is homotopy equivalent to M/G which is a finite dimensional complex. So M/G is finitely dominated.
REMARK. The above lemma follows from Lemma 5.5 in [2] . Now we come to the main result. Proof. First we show the result for a compact manifold M with a finite group G acting freely on M and a G-map f:M-*M. We obtain a commutative diagram
M/G -£-> M/G
where the vertical maps are covering projections and / is induced by /. Now M/G is a finite CTF-complex and we may adjust / by a homotopy so that it has finitely many isolated fixed points. Now / restricted to a fibre over a fixed point maps the fibre onto itself and it either leaves all the points fixed or leaves no points fixed. Thus if x is a fixed point of / then all the points in the fibre, which is an orbit of G, are fixed, and they all must have the same fixed point index. The fibre contains o(G) points, so o(G) must divide Λ f . Now suppose that M is a finitely dominated manifold. It follows from Wall's theory [8] that the cartesian product of M with a finite complex, whose Euler-Poincare number is zero, must be a homotopy equivalent to a finite complex. Thus we have a compact manifold K and homotopy equivalences h: s, g(m) ). Then G acts freely on S 3 x M and gives rise to a diagram
where K->K is in the pull back of the G-bundle is a base point. F is a G-map and so the composition h^Fh: K-+K is a G-map. Now ΛU-JJ™ = Λ*. = A f and by the theorem for compact complexes o(G) divides Λ\-\ F \ and hence it divides Λ f .
REMARK. An earlier version of this theorem was proved in [1; Theorem 4] by transfer methods for G a cyclic group and M homotopy equivalent to a finite complex. Nakaoka in [7] developed a transfer based on the coincidence number Λ fig for maps / and g from M to itself where M is a compact manifold. Using a result related to these transfers he succeeded in showing that o(G) divides Λ ftg where / and g are G-maps. This result gives Theorem 2 in the compact case. The compact case was originally proved by G. Hirsch [3a] . COROLLARY 
o(G) divides X(M), the Euler-Poincare number.

COROLLARY 4. If f: ikf-> M is a G-map where G acts freely and is finite, then f cannot be homotopic to a constant map.
3. The fundamental group* At this time, despite our great knowledge of homotopy groups, we do not possess a single example of a finite complex, with nontrivial higher homotopy groups, whose homotopy groups are completely known. The following result illustrates a difficulty. It generalizes the famous result that if π has torsion, then K(π, 1) cannot be a finite complex. We shall show that the S 1 action must have a fixed point and this will give us ft)* = 0. There is an element t e S 1 such that {t n \ all neZ} is dense in S 1 . There is a sequence s p eS λ for p a prime such that s p converges to t and s p has order p. Since only a finite number of primes divide A f9 all but a finite number of s p must have a fixed point x p by Theorem 2. Now the sequence {x p } must have a cluster point x since M is compact, thus x must be a fixed point for t and hence a fixed point for all of S 1 .
COROLLARY 7. With the hypotheses above, the action of L on M can be lifted to any regular covering M of M.
Proof. By Corollary 11 of [3] , ft)* = 0 is sufficient. REMARK. Theorem 6 is related to Theorem 5 of [1] . Using the first paragraph of the proof of Theorem 6 and Theorem 5 of [1] we can eliminate the compactness condition on M. Theorem 6 and the result from [1] But before we begin with the Borsuk-Ulam theorems we prove a different result on the determinant of a linear transformation. We say that a finite group G acts based freely on R n if it acts faithfully on R n and freely on R n -0. We say a linear transformation T: R n -> R n commutes with the action of G if T commutes with every element geG. Proof. If det T Φ 0, then T is an isomorphism and we can regard T:
that ω*: H*(L) -> H*(M) is zero for integral
Then n must be even since otherwise X(R n -0) = 2 and o{G) divides X(R n -0). Thus Λ τ = 1 -(det T/\ det T |) and so Λ τ can either be 2 or 0. But it cannot be 2 since o(G) > 2 and divides Λ τ . Then Λ τ = 0 and hence det Γ > 0. Now we come to the main underlying result for the BorsukUlam theorem. Proof. This follows from Theorem 9 after noting that x H* ζx leads to a based free action of Z k on C n+1 -0 and that C n can be regarded as an invariant subspace and F(x) = Σ?=i ?/(£*#) is an equivariant map.
Observe that we may let S 2n+1 be the unit sphere in C n+1 and Theorem 10 guarantees that Σt=i £'/(£'&) = 0 for some a? 6 S 2n+1 and /:S 2 " +1 ->C\ We will call the set {x, ξx, , ί*""^} a A -orbit on S 2n+1 where f is a primative Λth root of unity. Proof. For p -2 this is the classical Borsuk-Ulam theorem. For p > 2 we see that n must be odd and r(p -1) must be even so we may assume that n > r(p -1).
Let n = 2k-l. ) where we understand that a vector v = (v ίf •• ,v r ) raised to the ji'th power is the vector v j ~ (v(, , vi) . Now since 2k > r(p -1) (because n ^ ? (p -1) by hypothesis), we can apply Theorem 10 which guarantees a solution to the equation Then an easy induction argument shows that the row echelon form of the Vandermonde matrix consists of rows composed of entries which are 0's or 1's. We have the equation
